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Lecture 4

Prop . For an algebra A: P(X) and a premeasure o on A
,
Man

M4/1 = M
.

Proof . Let AEA
,
we need to show lt for any cover [Anh ? A ofA

M (A) = M(An)
.

WIOh
,
come An A by replacing An with AndA

and noting Mat M(AuMA) ? (An) by monotonicity .
Now VAn=A . By disjointifying ,

we way asame An=A ,
so th additivity gives MCA) = I M(An) -

We are now ready to prove

Caratheodory's extension theorem
. Every permeasure on an algebra A

admits an extension to a measure on <AT .

If i is refinite
,
then this extension is unique and still devote it.

Proof of existence
.
It is enough to show It * is finityls additive an

LA> becase then it would be albly supadditive , hence obbly additive
beare

*
is already otbly subadditive .

Proof 1 Carathology) . Say that a set B=X butchers a st SEX if
B

-

s
S Ma(s) = M4B1S) + M * (B'1s)

.

at B be the collection of all non-butchering hats
,

i . e
, st ht don't butcher any

other at
.
Then one stors

that (a) B is a T-algebra .

Ther it's automatic A is

(b) B = A. /Easy .) is finitely additive on B .



First suppose let M(X) < &.

Proof & (Tao
.

We define a pseudormetric & on P(X) by
d(A

, B) = = M * (A a B)
.

Pseudormetric is almost a metric except that d(A, B) =0 = A= B.

Before on A .
(P(X)

,
A) is an abelian

group
will being We 0 al

IS X AcPXX)
,
AHA = D .

124
,
tal

,
where to is the xor/binary addition

.

Recall : A AB = (ATB) U (B(A) = (AVB) < (AMB) .

Clim (2)
. Triangle inequality holds : &(A

,
2) = &(A

,
B) + d(B

,
c
.

Proof
.
AAC = AABABIA) = (A1B) ASBAC) = (A1B) V(BAC)

,
so

d(A
,
c) = m(AA)) Ed

*

(AAB) ~(BaC))+ B,4 .

ht B :
= Al

,
the closure of A in P(X) with respect

to d.

We show ht B is a F-algebrand * is finitely additive on B
.

Claim (b)
.

The function P(X) -> 10
,
1) is 1-Lipschitz Not d

,
i
. e

.

A H M
* (A)

(MB(A) - M5(B)1 = d (A , B) for
any

A
,
B = P(X)

.

In particular , it's continuous : AntnA => M
* (An) -> M

*

/A)
.

Proof
.

MB(A)= &(A, %) and x H d(x , x0) is always A-lipschitz :
(d(x, xx) - d(y ,x0)) - d(x, g) by triangle inequality.



Claim (c)
.

The
map ((X)->0(X) is an isometry, in partic continuous

,

A is A

Roof
.

A & B = A"AB'
,
hence &(A

,
B) = d(A

,
BY

.

Thus
.
B is closed under complements because An- A => An-> A

"

90 if Ac B M A - ES of A

- A
,
then AnA

An Also A B .

Claim (d)
.

The wap P(X)xP(X)->P(X) is 1-lipschitz ot "ded"
(A
, B) i AVB metric on P(X) , i.e .

d)A , UB, AnVBc) = &
!

"

(A.
,
B

, )
,
(A2
,Ba)) := d(A , Az) + &(B, B2) .

In particular , V is continuous
,
hence so is & (bene complement is) .

Proof .

(A , VB , a (A - UBc) = (A , A Ae) V (B ,
AB2)

,
so

d A , VB,
A n VB1) = M

* XA
,
A An ~ (B , A Bal End, He) +Al,Be .,

mon

Thus B is closed under finite unious become if A
, BEB Mea

E YAs
, BaY

? A With An-A o ButB
,
neuce by continuity

of U
,
AnUBuAUB al each AnVBaCA

.

Claim (d) . MK is finitely additive on the algebra B.
Proof

.

Let A
, Be be disjoint , anch aim to show M*ALB) =M*A)

- M
*

(B)
.

Let An A al ButeB with An
,
But A

. B
(b) E

De enticit of V
,
AnVBn-dAVB => M*/A , VB_)- MYAVB)

.

But M* (AnVBn) = M(AnWBa) M(An) + M(Bu) beca
En

AndBr -> A B = 0 = M(ABn)- 0 .
Hence :

R

M*(AVB) = M * (AnVBal * (A) + (B) Erg A + M
B(B) .

En



A
Claim (e)
.Forprice, essationsa A

,
it jen particular,HEIN

Proof
. A, An , A)

= MK(,An) An) - O because
u = N

↳(An) onverges
: MIX) * (A) E -

An)- (A)
.

Claim (e)
.

B is a t-algebra .

Proof
. We only need to show closure urcer ofbl unious

.

Let Bac
.

Let AneA be sot
. An e Bu . Then d (VAn VBul dlAn, Bal

MEN / nEN
=E

.
But VALE B 10

since is arbitrary of B is closed, VBuCB .

WEIN

this finishes the proof for finite pencalves. The proof for affinite
premeasures is just Re if X = 4 Xu witle M(Xn) < &, XaCA,
then the existence of the extension

"*
e to <A> Blows

from that of Alxu* for each n. Tao's proof doesn't work
fur non-5-finite premeasures .

Uniqueness . Let M be a refinite permeasure .
In fact it's enough

↳ prove for a finite premeasure because if X = LXn
with Xa = Ad M(Xu) < &

,
then M = 2 M/xn -

2GNN

nE/N

Let o be a measure on <A> exteaching M
. We show

W- key bene if BecAYr al VA B



with And A
,

been w(B) ** An - Man.

U

M
*
= inf of lett side

,
so -(B) = M

*(B)
.

Next
,
note At v is 1-lipschitz not d

.
Indeed

,

Iv(A) - r(B)) = 10(A2B) - v(B(A)) = v(ALB) + v (B(A) =
= v(AAB) = M

* (AAB) = d(A,B) .

Thus
,

O al
*

are continuous functions on As
Hut are equal on the dense set A

,
heace 0 = MB


